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14. 
ON LINEAR TRANSFORMATIONS. 


[From the Cambridge and Dublin Mathematical Journal, vol. 1. (1846), pp. 104—122.] 


IN continuing my researches on the present subject, I have been led to a new 
manner of considering the question, which, at the same time that it is much more 
general, has the advantage of applying directly to the only case which one can 
possibly hope to develope with any degree of completeness, that of functions of two 
variables, In fact the question may be proposed, “To find all the derivatives of any 
number of functions, which have the property of preserving their form unaltered after 
any linear transformations of the variables.” By Derivative I understand a function 
deduced in any manner whatever from the given functions, and I give the name of 
Hyperdeterminant Derivative, or simply of Hyperdeterminant, to those derivatives which 
have the property just enunciated. These derivatives may easily be expressed explicitly, 
by means of the known method of the separation of symbols. We thus obtain the 
most general expression of a hyperdeterminant. But there remains a question to be 
resolved, which appears to present very great difficulties, that of determining the 
independent derivatives, and the relation between these and the remaining ones. I 
have only succeeded in treating a very particular case of this question, which shows 
however in what way the general problem is to be attacked. 


Imagine p series each of m variables 
а, 350 Mig ite, SRF Bes) gp o GG, 


where p is at least as great as m. 


Similarly p` series each of m` variables 


\ ^ ^ \ ^ 
ELS rA S M yt mE LIVE): yy... бе, 
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p at least as great as m`, and so on. Let the analogous variables 4, ў... be con- 
nected with these by the equations 


д =No thy +..., 
yY =N HRY +..., 
NEST. rm ga, 
Yan ae +p M +..., 


where 2, y,... stand for ал, ¥,,... OF Wa, Ja... OF Mp, Jp; 0, y... stand for ду, y;\,... 
OF Oa 90... OF 2, Ju, &o.... The соб сепа A, p, ..., X, ш, ... &6; М.Д гу Л fh y ... 
remain the same in all these systems. Suppose next, 


ё = бу; з бу, 
le. £,=6,,, th = Oy,» «++ É = Os... 
(where òs, 8,... are the symbols of differentiation relative to æ, y, &c.). Then evidently 


É—XEMXq4 ..., 
= + un ..., 


with similar equations for Ẹ, 7,... Suppose 


ICE &, ба A , | O° = M бугу , 


hs: Яа Me To a Dy 


that is to say ||Q|| is the series of determinants formed by choosing any m vertical 
columns to compose a determinant, and similarly |||, &c. Suppose, besides, 


Eai, Шыде г} ode | М, oos | 
Ж“ Mni. X" hys 


Then, by the known properties of determinants, 
jp 2101, || = ie &e. 
ie. the terms on the one side are respectively equal to the terms on the other. Hence Ï 
D-rFqol^ Ien...) 


ie. [] a rational and integral function, homogeneous of the order f in the quantitié 
of the series | O|, homogeneous of the order f` in the quantities of the series 10. 
&c. we have immediately 


О = ЁРЕ... 0; 
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or if U be any function whatever of the variables z, y... which is transformed by 
the linear substitutions above into U, then 


00 = EET... (]U; 
or the function LU 


is by the above definition a hyperdeterminant derivative. The symbol [] may be called 
“symbol of hyperdeterminant derivation," or simply * hyperdeterminant symbol.” 


Let A, B,... represent the different quantities of the series [O.||,—4', B',... those of 
the series ||? ||, &е. ..., then [] may be reduced to a single term, and we may write 


RE TL MNA LL 
Also U may be supposed of the form . 
U=@@ ... 


where Ө, Ф are functions of the variables of one of the sets a, y,..., of one of the 
sets а^, y,..., &c., thus Ө is of the form 


Е (a, Yis 2, Yrs 2.9; 


and so on. The functions Ө, Ф... may be the same or different. It may be supposed 
after the differentiations that several of the sets z, y,... or of the sets z, y... 
become identical: in such cases it will always be assumed that the functions @,... 
into which these sets of variables enter, are similar; so that they become absolutely 
identical, when the variables they contain are made so. Thus the general expression 
of a hyperdeterminant is 


[]U = ASDA. JAB ES, 6p... 


in which, after the differentiations, any number of the sets of variables are made equal. 
For instance, if all the sets 2, y... and all the sets a, y`... are made equal, the 
hyperdeterminant refers to a single function F(a, y...2, y`...) In any other case it 
refers not to a single function but to several. 


What precedes, is the general theory: it might perhaps have been made clearer 
by confining it to a particular case: and by doing this from the beginning. it will 
be seen that it presents no real difficulties. Passing at present to some developments, 
to do this, I neglect entirely the sets a, y`... and I assume that the number m of 
variables in each of the sets v, y... reduces itself to two; so that I consider functions 
of two variables x, y only. The functions Ө, Ф, ёе. reduce themselves to functions 
V, Va... Vp of the variables ал, у, Or Si, уз... Or Lp, yp. Writing also 


£m – £m = 12, бе. 


the symbols А, B... reduce themselves to 12, 13... Hence for functions of two 
variables, there results the following still tolerably general form 


[]U =I% 18° 14"... 23" 94"... 84°... VIVA... 
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The functions V,, V,... may be the same or different: but they will be supposed the 
same whenever the corresponding variables are made equal, This equality will be 
denoted by writing, for instance, 


ary... 


to represent the value assumed by 
СУ, Bev en 
when after the differentiations 
dà, Yı = 4з, уз = 24, у=, у; 
23, Va = 2, у; 
«е. 
It is easy to determine the general term of []U. To do this, writing for shortness 


a+Bt+y ..=A; 
a +B HY ... =}, 
BHB +7”... =}, 
«е. 


Wa qaysisi dvare salle [Ай ale, Шы». Ф, 
[т B GR (FC UY 


A 
Ew V or 86,778, V = У" or У", 
the general term is 
Si Sa А 
N Vprtstt рате... y 8-8-0... 
where 2, 8, t,... 8, t, ... t",... extend from 0 to a, B, y... B’, у,... y"... respectively. It 


would be easy to change this general term in a way similar to that which will be 
employed presently for the particular case of []ViV,V,. 


If several of the functions become identical, and for these some of the letters 
f are equivalent, it is clear that the derivative []U refers to a certain number of 
functions V,, V,... the same or different, of the variables г, y; æ’, y';... and besides 
that this derivative is homogeneous, of the degrees @,, 0,,... with respect to the 
differential coefficients of the orders f, f’,... &e. of Vi, (consequently homogeneous of 
the order 0,+ 6, +... with respect to these differential coefficients collectively), homo- 
geneous and of the degrees 0,, 0,,... with respect to the differential coefficients of 
the orders f, fo’... of V,, (consequently of the order 60,+ 6,... with respect to these 
collectively), and so on. The degree with respect to all the functions is of course 
0, --0/ ... + 02+ 0/ + ...,— p suppose. In general, only a single function will be considered, 
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and it will be assumed that [JU only contains the differential coefficients of the 
f® order. In this case, the derivative is said to be of the degree p and of the 
order f. The most convenient classification is by degrees, rather than by orders. 


Commencing with the simplest case, that of functions of the second order (and 
writing V, W instead of V,, Vj, we have 


LIYW 212 VW, 


(where &, m apply to V and £, т to W). This will be constantly represented in 
the sequel by the notation 


12“Р = B,(V, W). 


Hence, writing ò V = y er V RF, s 
we have B,(V, W)-V^W»— a VW 


and in particular, according as a is odd or even, 


B. (CV, Vy, 
JB. (У, NEV Ve- T VA uus, 


continued to the term which contains УУ the coefficient of this last term 
being divided by two. 


Thus, for the functions + (aa*+ 2bry+cy*), sy (aat + 4фа®у + 6ea®y? + 4day? + ey’), &c., 
if а be made equal to 2, 4, &c. respectively, we have the constant derivatives 


ac — 6°, 

ae — 4bd + Зе?, 

ag — 6bf + 15ce — 10d?, 

at — 8bh + 28cg — 56df + 35e, 


which have all of them the property of remaining unaltered, à wn facteur prés, when 


the variables are transformed by means of #=A¢+ pý, у= А+ ш). Thus, for instance, 
if these equations give 


aa? + Wey + cy? = ad? + Whey + бу, 
then аё — b? = (Хи — N pY . (ac — Б), 


and so on. "This is the general property, which we call to mind for the case of these 
constant derivatives. 


13—2 
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The above functions may be transformed by means of the identical equation 
В, (У, W) - i2" BV, W), 
to make use of which, it is only necessary to remark the general formula 
E^ EPn B, (V, W)= В, (2а, Een W). 
Thus, if k=1, we obtain for the above series, the new forms 
ac — b, 
(ae — bd) — 3 (bd — c?), 
(ag — bf) — 5 (bf — ce) + 10 (ce — d?), 
(at — bh) —7 (bh — cg) + 21 (cg — df) — 35 (df — e), 
&e., 


the law of which is evident. This shows also that these functions may be linearly 
expressed by means of the series of determinants 


| a, b 
b, c 


@, р, 


с 
b, сж 


| &с. 
| 
| 


We may also immediately deduce from them the derivatives B which relate to two 
functions. For example, for functions of the sixth order this is 


ag’ + ад — 6 (bf' +607) + 15 (се + c'e) — 20dd', 
which has an obvious connection with 
ag — 6bf + 15ce — 10d?; 
and the same is the case for functions of any order. 


The following theorem is easily verified; but I am unacquainted with the general 
theory to which it belongs. 


“If U, V аге any functions of the second order, and W=AU+ pV; then | 
BY (B.(W, W), B.(W, W)]20 


(where В, relates to А, и) is the same that would be obtained by the elimination of 
x, у between U=0, V=0.” (See Note?) 
In fact this becomes 
4 (ac — b?) (ас — b^?) — (ас + a'c — 2bb’)? = 0, 


which is one of the forms under which the result of the elimination of the variable 
from two quadratic equations may be written. This is a result for which I a» 
indebted to Mr Boole. 


1 Not given with the present paper. 
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Passing to the third degree, we may consider in particular the derivatives 
OUVW=23° 31° 12° UVW=C, (U, V, W): 
writing for shortness 
A,- EL, меу = Us, 
we have the general term i 
C,(U, V, Ж) = X ((-)**** A,A,A,U o*t-t Pinte pate} 


where r, s, ¢ extend from 0 to а. By changing the suffixes r, s the following more 
convenient formula 


C,(U, V, W) 2 X {(—) > Ure Vie WoS, [(—)* A, 44544: 


where ¢ extends from 0 to 2a: p, c, and 3a— p — с must be positive and not greater 
than 2a. 


In particular, according as @ is odd or even, 
C,(U, U, 0) =0, 
C, (U, О, 0) = 655, ((-ytvU vU cU ed EY A, Aris], 


omitting therein those values of р, с for which p» c or o »3a—p-— с, and dividing by 
two the terms in which p=o or ce —3a—p—c, and by six the term for which 


р=с=8а—р—с, = а. 


In particular, for functions of the fourth or eighth orders we have the constant 
derivatives 
ace — ad? — be — с? + 2bcd ; 


aei — 4ibd, — 4afh + Зад? + 81е + 12beh — 8chd — 8bgf — 22ceg + 24cf ? + 24d?g — 36def+ 156; 


the first of which is a simple determinant. Thus we have been led to the functions 
ue—4bd +3c? and ace —ad?—eb?—c?+2bed, which occur in my “Note sur quelques 
formules &c.” (Crelle, vol. xxix. [1845] [15]), and in the forms which M. Eisenstein has 
given for the solutions of equations of the first four degrees. 


Let U be a function of the order 4х: the derivative C may be expressed by 
means of the derivatives B. 


For, consider the function 


BG, В, (У, W )]; 
paying attention to the signification of В, this may be written 


10“ 23 UVW, 
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where the symbols £, no refer to the two systems a, y. : Xs, ys. 
that we may write 


[14 


Thus it is easily seen 


&=&+Ь, "09 or 10=12+18= 12 — 31, 


whence the function becomes 
(12 —831)" 93" UVW, 


of which all the terms vanish except 


[ба тоге 93" 31" U VW. 
[2а] 


Hence putting 
[4ap» 241.3... (4a—1) 


К = ous = 2.4... 4a 


we have BULU, В. (У, уре KC,(U, V, W), 


or in particular 


B4, [U, Ba (U, U)]= KC, (U, U, U). 


Thus for example, neglecting a numerical factor, 


(аа? + 2bæy + cy?) (ca? + 2dæy + ey?) — (ba? + 2cay + d? 


= (ас) at + 2 (ad — bo) aty + (ae + 20d — 3e?) ay + 2 (be — ой) ay? + (ce Ф) у\, 


and then 


e (ac — b?) — 4d 2 (ad — bc) + 6c 4 (ae + 2bd — Зс?) — 4b 3 (be — cd) + a (ce — d?) 


= 8 (ace — ad? — е — c + 2bed). 


We have likewise the singular equation 


c. 


d 2o @ d 
B.C, W)- K (ae at лымы y, W) 
1 4a]. ar 
where U = rage (07 – Й a,x y... +а„у), & 
If however U= V = W, we must write 
d дегш. 
B, (0, О) = 4K (ае y — 


ty" д) C.(U, U, О), 


the reason of which is easily seen. This subject will be resumed in the sequel. 
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The functions C may be transformed in the same way as the functions B have been. 
In fact 
=~ a—k — a—k — a~ 


C,(U, V, W)=12" 23°" 31° 0, (U, V, W); 
if in particular k=1, then 
2 
ОСО У, Wy= Us" Ut 0-2 |) UV for ЛУ &e. 
ү. Vu V2 
We Wa WwW? 
but in general 


Ef m^ E" mo” Er ns" C, (О, V, W), where pc p =0 +0 =T + T —2a—2, 


2a—2 2a—2 2a—2 


=0, (U* ys Кэл U [7.р+1 [ee , U^ for Üo, Фе. 
yy. yen 
| Wot Wott) Wete 


whence C,(U, V, Ж) = 55 ("| Ue Ve We | SU (—)t Ay A’, A ru, 
UH po W ›3а@—р—т—1 


U e+ Yeti үр. за-р-о 


jt 


where ai=; t extends from 0 to а—1; p, 7—1, and За—р—ес—2 may have 
each of them any positive values not greater than 2a – 2. 


In particular 


C, (U, U, U)=622{(—pte| Ure Ue Um | XI(-Y 454^ 44" sd]; 
U e+ Ue (sapo 
Uet o+ U 3a—p—2 


where p, с need only have such values that p «c —1, c—1«3a—p— oc — 2. 


In particular the derivative aet— ... + 15e may be transformed into 

la d, 9 |-3| о, e /f|-3|b, c, g|+6| 6, d, 15е, d, e 
| b, e, h UM poro wa s с, LEA 4&8 Tf 
[e f 4 с, g, А d, e, 3 6EUWEL qe) mi 


in whieh form it is obviously а linear function of the determinants 
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ТР ЧЕРИ А М 
ра & 53$ 5 
oy & he Ду Gites 


which is true generally. 
Omitting for the present the theory of derivatives of the form 
ООРУ = 23* 31° 12” UVW, 


we pass on to the derivatives of the fourth degree, considering those forms in which 
all the differential coefficients are of the same order. We may write 


OUVWX -(12.34) (13, 43)" (14.23)! UVWX =D, 2,,(U, V, W, Х) = D. is! 


or if for shortness 
12.3424, 13. 49 – 38, 14.23- @, 


we have ІГ, p, y= A WE. UVWX. 


Suppose U= V = W= X, and consider the derivatives which correspond to the same 
value f of a+8+y. The question is to determine how many of these are independent, 
and to express the remaining ones in terms of these. Since the functions become 
equal after the differentiations, we are at liberty before the differentiations to inter- 
change the symbolic numbers 1, 2, 3, 4 in any manner whatever. We have thus 


Da, e, y = Da, y, a = Dy, a, 87(—) Da, y, в = (—)4 Dy, B, a = (—) Dg, „ y; 


but the identical equation 


& 4-38 +=, 
multiplied by 838° and applied to the product UVWX, gives 
Dais,d,¢ + Da, bac Dator =0; 

whence if a+b+c=f—1, we have а set of equations between the derivatives D, в; 
for which а+8+ у= Ё Reducing these by the conditions first found, suppose f is 
the number of divisions of an integer f into three parts, zero admissible, but permu- 
tations of the same three parts rejected. The number of derivatives is Of, and the 
number of relations between them is Ө (7— 1). Hence 0f — Ө (f— 1) of these derivatives 
are independent: only when f is even, one of these is Dy; o o, ie. 19” 34’. UV WX, 
ie. I2 UV.34 WX, or B,(U, V) В, (X, W), ie [B;(U, U)p; rejecting this, the 


number of independent derivatives, when f is even, is Ө/- Ө (7—1) – 1. Let Е (F 


be the greatest integer contained in the fraction 1 the number required may be 
shown to be 


ЕЇ or | 
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according as f is even or odd. Giving to f the six forms 
69, 6g9+1, 69+2, 694+3, 69 +4, 69+5, 
the corresponding numbers of the independent derivatives are 


9 9 9 9+1, 9, 9+1; 
thus there is а single derivative for the orders 3, 5, 6, 7, 8, 10,... two for the orders 
9, 11, 12, 18, 14, 16, ... бо. 


When f is even, the terms Ру; з зо, Dy,.,..., and when f is odd, the terms 
Dias узала, Dy, &c may be taken for independent derivatives: by stopping 
immediately before that in which the second suffix exceeds the first, the right number 
of terms is always obtained. Thus,-when f=9 the independent derivatives are Dao, 
Ds, and we have the system of equations 


Dy + Dg + Dy = O, Dia + D + Dg, = 0, 
Dao + Dry +Dm=0, Dat Dwt Da = 0, 
Dz + Dag + Don = 0, Ds, + Da + Da, = 0, 
Dy + Don + Daz=9,  DastDacDas-0, 
Do) + D; + Dao = 9, Das + Dy + Degg = 0, 
which are to be reduced by 
Бе —D = 0, D = — Day, &e. 


It is easy to form the table 


Jh". LM D 2-9, Ры =, 
Dy = — + ВУ, Dao; Dei, 
Юж = — Dar, Dy = — Dae, 
Du = 0, Dy, Th. ss. 
D Dis =e Das «Dai: 
D =0, Jia =O; 
Ре BS. Dai B, 
Dus. KARE: oj. Dus — 4 Bj, Ts, 
Dy — —3 Dj, 109 = — $ Di + { Ве, 
Dey = 4B, Dau $Dsy +4 Вә, 
D, = 0, Doo 
Da = — 4 D — 4 Be, 
Dog = #0» +} Be, 
c 14 
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D = Be, Ры= 0, 
D; = rs j Ве, Dao; 
Dw= — &Dso+ iB) D= = Da 
Du^ Dmt 4 Bè, D, = 9, 
Dy, Da, = $ Dao — 5 Dio, 
Da= — $ Dw- py Ве, Da= $ Dav +4 Dw, 
Dy = —4 Dx — зу Вә, Du 
Da = 15 Dæ — d Ве, Da = — $ Daw — $ D, 
„= ze Рә +7; Ве, Din = 0; 
D = — #5 Ds — Hs Вә, Da =9, 
Da- $ Dao +$ Dio; 
Dy = 0. 


Whatever be the value, all the tables except the three first commence thus, according 
as f is even or odd, 


Dj, Ву; or Dy,, =0, 
Dy-a,1,0= — By, Dy 

Dy-2, 2,0 =— $ Dis 3,0 +4 Ву, Dy-2,2,0= — Dja, 1,0 
Гу; ълл= $ Руз, з, о +В), 


Ру 11= 0, 


Гуз. з, о 


but beyond this I am not acquainted with the law. 


To give some formule for the transformation of these derivatives; we have, for 
example, 


Dya1o= (12.34) 13.42 UUUU=18. 42 By, (U, U) B; (U, U). 


But 13 : 42 = Emm, y E,E.nsns F mmt, + meen , 


and &nmE, Bj; (0, U) Bj, (U, U)= Br (EU, nU) Br (nU, EU) 
zB, ,(U:* 7-1) Bj, (U^ U- &с. 


(where Us, U^* stand for 0.• U-, &c.); or 

Dg 41,07 — 2 {By (QU 0:9) Bj (U> 0) - Bj- (V° U’) Bh (QU? U:?), 
which reduces itself to 

Dy-1,1,0= — 2 (Bj; QU * Uy, 

Dy-1,1,0= — 2 (Bg, (U** U+?) Bj, (U? U+*) —[ By (V° Up), 


according as f is even or odd. 
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For example, for the orders 3, 5, 7, 9, we have 
Da, = — 2 (4 (ac — b?) (bd — c?) — (ad — boy, 
Da, = — 2 (4 (ae — 4bd + 3c?) (bf — 4ce + 8d?) — (af — 3be + 2d], 
Dg, = — 2 (4 (ag — 657+ 15ce — 10d?) (bh — 6cg + 15df — 10e?) — (ah — 5bg + 9cf — 5de)*}, 
Dg, = — 2 (4 (ai — 8bh + 28cg — 56df + 85е?) (bj — 8ci + 28dh — 56eg + 357°) 
— (aj — Thi + 20ch — 28dg + 14ef )?). 


The derivatives D will be presently calculated in a completely expanded form up to 
the ninth order. We have, therefore, still to find the derivatives of the sixth and 
eighth orders, and а second derivative of the ninth order. For the sixth order, the 
simplest method is to make use of Da», which is easily seen to be equal to 


24 |a by е, о 


Opti du. 
ed, 6,037 
doe, . fy 


For the two others we have the general formule 
р... 0-2 (Bj, (U^? 7. P) Ba (U>? 7.2) – 4B, ,(U:* 0:1) B, „(0% U: 1) 
+ B-a (U ° U °) Bz- (U * U 9) +2 [Bj QU * Up], 


2 2 2 
where U:*, 071, U»? have been written for 17°, [7'1, 17°; a formula which is demon- 
strated in precisely the same way as that for ,, ,. 


Шз, т А! — Bj, (U* 0.3) BEíQU* 1079) —6BEj QUU) By, (Ut U*?) 
+ 6B, „(О 0-2), (Т узу + 9By QU 03) В. (Ue? 0-3) 
—9B, ,(U: 0%) By (U:* 0.1) — В, „(Шу BjjQUU 9), 


0 
(in which U**, &с. stand for 0°, &c). In particular 


Dy = 2 (4 (ag — 6bf + 15ce — 10d?) (ci — 6dh + 15eg — 107) — 4 (ah — 5bg -+ 9cf — 5de) x 
(bi + 5ch + 9dg — šef ) + (ai — 6bh + 16cg — 26df + 15e)? + 8 (bh — 6cg + 15df — 10e?*J, 


w = — 2 (4 (ag — 6bf + 15ce — 10d?) (dj — Get + 15fh — 109") — 6 (ah — 55у + 9cf — 5de) x 
(cj — 54% + 9eh — 5fg) + 6 (ai — 6bh + 16cg — 26df + 15е) (bj — 6ci + 16dh — 26eg + 157°) 
+ 36 (bh — 6eg + 15df — 10e?) (ci — 6dh + 15eg — 107°) — 9 (bi — 5ch + 9dg — 5efy 
— (aj — 6bi + Lich — 1949 + 9е7)?). 
Hence we have all the elements necessary for the calculation of the following table 
f the independent constant derivatives of the fourth degree, up to the ninth order. [I 


ave arranged the terms alphabetically and in tabular form as in my Memoirs on 


uanties, and have corrected some inaccuracies]; 
14—2 
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Da, = 2 х Day = 2 х Da = 2 х 
ad? +1 a+ 1 oe YTUI 
афса — 6 abgh— 14 abhi — 16 
аё +4 acfh-- 18 acgi + 86 
bd +4 асф + 24 ach? + 20 
be —8 adeh— 10 adfi — 52 

adfg— 60 adgh — 60 

t9 aeg + 40 aei + 30 
bfh+ 24| |aefh+ 20 

Ug + 25 aeg? + 60 

Day =2 х bceh — 60 аў? БЕ 40 

{еы с А рејд — 234 bgi + 20 
œf? + 1 bdh + 40 bhè + 44 
abef — 10 bdeg+ 50 bcfi — 60 
acdf-- 4 bdf* + 360 begh — 888 
ace? + 16 бе] — 240 bdei + 20 
ad'e — 12 ceg + 360 bdfh + 696 
baf + 16 ef + 8 bdg? + 180. 
be + 9 са — 240 beh — 340 
bef — 12 cdef — 990 befg — 460 
bcde — 16 ce + 600 bf* + 240 
bd? + 48 af + 600 cei + 60 
ce + 48 Фе + 875 cfh + 180 
ed? — 32 Toe in a e ЧАШ 

+ 2223 oddi — 40 
+ 142 cdeh — 460 
cdfg — 2596 
ceg + 2340 
cef? — 490 
dh + 240 
deg — 420 
def? + 12876 
def — 3280 
vt + 1025 
+ 8632 
Г, = Р +4 Bè, ии which give the functions 
» D530 D540, by means of whi 
2 v F : y К T $ Ше йе йаз ы expressed. -€ 
FF- 621 810» 
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Dao = 2 х 
ary? + 1 
ab — 18 
achj-- 40 
ac? + 82 
adgj— 56 
adhi— 112 
aefj + 28 
aegi + 224 
GER Lors 
аў — 140 
afgh ...... 
ИО ак 
bh) + 32 
be + 49 
beg) — 112 
bchi— 536 
рар) + 224 
bdgi-- 392 
bdh?+ 896 
bej — 140 
befi — 196 
begh — 1792 
bf*h + 1120 
DU. 
ЕРА 
cgi + 896 
ch? + 400 
eden o .-.. 
cdfi — 1792 
cdgh— 4256 
cei + 1120 
cefh+ 560 
ceg? + 6272 
ср — 3920 
“УРУ ЫЛЕ: 
@fh+ 6272 
dg + 784 
Eu aen 
deh — 3920 
defg — 13328 
df* + 7840 
ёд + 7840 
ef: — 4704 

+ 35022 


...... 


s.s... 


| 
bo 
© 


or -I t5 
bo e bo 


Iti ti -c- dg caAI 
bo 
or 


Es p 3I 


-IY bo 09 н> bo сл bo нь aT o bD aT 
O © Q5 or Cx t9 — ar C о C2 


| tte 
ы 

қо со го 

сл bo = 


3H 
€x Qo tO dU» & OD Ыр 
O sc Ox St -— со 


Dh gu 
um 


МЕРАЕ 


+ 698 
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We may now proceed to demonstrate an important property of the derivatives of 
the fourth degree, analogous to the one which exists for the third degree. Let 
U, V, W, X be functions of any order f: then, investigating the value of the expression 


Djs [B, (U, V B, (W, Х)], 
this reduces itself in the first place to 


42f—32« 


Өф’ 12 34 UV WX, 
where &, we refer to U and V, and &, т to W and X: this comes to writing 
E — E FÉ, me m +, and Ep = s+ E п = m т; whence 
0$ =13 + 14 4- 23 + 24, 
or the function in question is 
(13 + 14 + 23 + 24)" ^ 12" 84" UV WX. 
But all the terms of this where the sum of the indices of £, m or &, т or 
Ё, т or Ё,, т, exceed f, vanish: whence it is only necessary to consider those of the 
form 
K,(13.42) (14.23y ^ 12.84) UV WX, 
where K, denotes the numerical coefficient 
(CY [27 — 2a 
UTUTU Ven КЕ и й: дай 
or Bo su[B. QU, V) B, QW; ЖО ЖАК» 2600500, W, X). 
In particular, if U= V=W=X, writing also B, for B,(U, U), 
В,у_„„(В,, B3 = x (К, Divis y 


If a is odd, this becomes 
PARNE, D, ио), 
an equation which must be satisfied identically by the relations that exist between 
the quantities D: if, on the contrary, a is even, we see that there are as many 


independent functions of the form 
Di. (Bu, В.) 


as there are of the form D; and that these two systems may be linearly expressed, 
either by means of the other. Thus, for the orders 3, 5, 7, the derivatives D are 
respectively equal, neglecting a numerical factor, to 


В, (0, 0), Bel 0), B CU, Uy; 
for the sixth order they may be linearly expressed by means of 
B,(U* 0), Bj, 


and so on. All that remains to complete the theory of the fourth degree is to find 
the general solution of this system of equations, as also of the system connecting the 
derivatives D. 
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Passing on to a more general property; let U,, U,,... Up be functions of the orders 
his fo ++» fp} and suppose 
@(U;... Us, е Ру UU. 


a function of the degree f, in the variables: suppose that @(U,... Up) contains the 
differential coefficients of the order r, for U,, r, for U;, &c., so that f, —( f; —rj)-.. fo r). 
Consider the expression 


Bj (U,, 89 (U,... Up)}, 


which reduces itself in the first place to 


(12 +18 ... + Ip)" (UU, ... Up, 


15/77 


then to K (ЕЗ? T ЫК DU, ... Uy; 


where for shortness 
ра [AY | 
[A — n ... [fo — rs 


For if one of the indices were elu. another would be greater, for instance that of 


12: and the symbols £, т in 1997 Mu would rise to an order higher than f,, or 
the term would vanish. Hence, writing ; 


m = 19 *^ 137^ m Ip" 
and e'(U, U,.., U,Q LTUAU,... Up, 
we have В, (U,, 9 (Us, ... U)] 2 КӨ (U,, U,... Up); 
ie. the first side is a constant derivative of U,, U... Up. 
1 
Suppose U,= FAY (ayo + ...), 
Ө (0, U) = rg (4^ - 2 

then K@ (U, ... Us) = Ay, Вод, "Mere \ 
А de. пра 
T. An =E 7 8 (U; ... бу), fis, e KO @ о ths узы 

E o d С а 1 
or finally, ^: @(U;,,... U;)= p n T " dat) ® 5: edi ч 


an equation which holds good (changing, however, the numerical factor) when several 
of the functions U,... Up become identical. Hence the theorem: if U be a function 
given by 

1 


Mara 


(apt? + aay +...), 
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and Ө be any constant derivative whatever of U, then 


(27 d = qf d 


йау day Еа ) " 


is & derivative of U, and its value, neglecting a numerical factor, may be found by 
omitting in the symbol [], which corresponds to the derivative ©, the factors which 
contain any one, no matter which, of the. symbolic numbers. 


If, for example, 
— 4 Dm = Ө = 6abcd — 4ac — 4bd* + Зс? — а?а?, 


or Г] = 125.342,13. 42; 
d d d d 
then (e 1-99 452-71? 


reduces itself, omitting a numerical factor, to 


12 13 UUU — — 4B, (U, B, (U, U)}. 


This may be compared with some formule of M. Eisenstein's (Crelle vol XXVII. 
[1844, pp. 105, 106]; adopting his notation, we have | 
Ф = aa? + Зђа?у + долу? + dy’, 
F —4 В, (Ф, Ф) = (ac — b?) à? + (ad — be) sy + (bd — с) 4°, 
d d d d 
Ф, = – G УУ Y a) D, 


where D is the same as Ө. Hence to the system of formule which he has given, 
we may add the two following: 


чч Жы ЧГ 

a dv dy dy dæ)’ 

e d'b db db dd / d dò ФФ аф 
9 - - visis da uu d drdy dy аў ds) 
de ФФ do аФ T) аФ dd E 
Paral х 


-H 


dody de йт dy) dy йт da 
the first of which explains most simply the origin of the function Ф,. 


It will be sufficient to indicate the reductions which may be applied to derivatives 
of the form - 


C, s, ,(U, V, W) 223'.31^.12' UVW, 
Where U, V, W are homogeneous functions: In fact, if 
£z + ny =B, 


the above becomes, neglecting a numerical factor, 


(E,.23) .(8,. 31). .(8,.12) UVW, 
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where the symbols £, ņ are supposed not to affect the z, y which enter into the 
expressions Æ. But we have identically 


E, 23+ B: 31 + 8,12 — 0, . 
an equation which gives rise to reductions similar to those which have been found for 
the derivatives D, в, у, but which require to be performed with care, in order to avoid 
inacecuracies with respect to the numerical factors. It may, however, be at once 
inferred, that the number of independent derivatives C,,g,, is the same with that of 
the independent derivatives JD, &,for the same value of a-F 8 + у. 


From similar reasonings to those by which B (0, B(U, U)} has been found, the 
following general theorem may be inferred. 


*'The derivative of any number of the derivatives of one or more functions, or 
even of any number of functions of these derivatives, is itself a derivative of the 
original functions." 


For the complete reduction of these double derivatives, it would be sufficient, 
theoretically, to be able to reduce to the smallest number possible, the derivatives of 
any given degree whatever. This has been done for the derivatives of the third degree 
C, s ух and for those of the fourth degree, in which all the differentiations rise to 
the same order (Da,g,y): it seems, however, very difficult to extend these methods even 
to the next simplest cases,—extensive researches in the theory of the division of 
numbers would probably be necessary. Important results might be obtained by con- 
necting the theory of hyperdeterminants with that of elimination, but I have not yet 
arrived at anything satisfactory upon this subject. I shall conclude with the remark, 
that it is very easy to find a series, or rather a series of series of hyperdeterminants 
of all degrees, viz. the determinants 


a Xl E o. Wis a, b, c, d | &e. 
b, c ic mx И ко te 
6, d, 0, Ф... $, 
a, еу ug 
a, 80,1% |, | a, 4b, 6c, 4d, е | &c. a, 3b, Зе, d | &. 
| b, 20, b, 4c, 6d, 4e, f b, 3e, 3d, e 
a 3 -6 c, 4d, бе, 4f, 9 ЧО, “He,” CN 
pU Vx a, 4b, 6c, 4d, е, b,:98o, 8d; "s 
b, 4c, 6d, 4e, f, a, 9b 3c, d, 
с; «4h. 0 Wy 6, 9c, 88, $6, 


[I have inserted in these determinants 


mistake omitted.] 


the numerical coefficients which were by 


However, these functions are not all independent; e.g. the last may be linearly 
expressed by the square of the second and the cube of (ae—4bd+3c*); nor d 
I know the symbolical form of these hyperdeterminant determinants. 
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